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Abstract—Enhanced inverter-based controls are considered for
microgrids, which use additional actuation beyond a droop-like
term. Shaping of the microgrid’s small-signal dynamics using
such enhanced controls is posed as a structural controllability
problem. A graph-theoretic characterization of structural con-
trollability is obtained, in terms of the concept of zero-forcing sets.
Two benchmark test systems are used to illustrate the selection
of locations where enhanced controls should be applied, based
on the graph-theoretic analysis. These examples indicate that
small-signal characteristics can be shaped using a relatively small
number of enhanced controls.

Index Terms—microgrid control, zero-forcing, structural con-
trollability

I. INTRODUCTION

Today’s power distribution networkss are distinguished by

the growing penetration of inverter-based distributed energy re-

sources (DERs). These distribution-side energy generation and

storage resources can provide additional margins and reduce

losses during nominal operations where they are synchronized

with the bulk grid, while also allowing portions of the grid

(known as microgrids) to seamlessly switch to an isolated or

islanded mode for off-nominal conditions. However, efficient

and reliable operation of microgrids in both the grid-following

and the islanded mode crucially depends on the regulation of

each inverter’s interface with the distribution network. With

this motivation, there has been an energetic research effort

on the regulation or control mechanisms used in interfacing

inverters with the power distribution network [1], [2].

For microgrids operating in islanded mode, inverter controls

are primarily designed with two concurrent goals in mind:
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1) appropriate steady-state power sharing among the different

DERs and 2) synchronization of microgrid frequency dynam-

ics in the presence of small- and large- disturbances. With

these goals in mind, several schemes have been proposed for

regulating the electrical signal on the grid side of the inverter

[3]–[8]. Among these schemes, droop controls have come to

prominence for several reasons. First, they are entirely decen-

tralized (i.e. do not require communications among the DERs

in the microgrid). Further, because they mimic the controls

used for mechanical power output regulation of inertial gen-

erators in the bulk grid, they can be seen to achieve desirable

real and reactive power sharing and a frequency-synchronous

operating point. In addition, measurement filtering and input-

integration mechanisms used in the droop controls simulate the

inertial physics of conventional generators, which guarantees

small-signal stability of the synchronous operating point under

broad conditions.

While droop controls have proved viable for microgrids,

they also suffer from a number of drawbacks. First, inertia (or

delay) can introduce poorly-damped system-wide oscillations,

for certain load and generation patterns. Additionally, the

performance of the droop controls with respect to dynamic

responses across the range of possible operating points is

challenging to evaluate. Thus, the tuning of droop controls may

leave the system susceptible to instability or poor damping,

which are hidden to the system designer. These potential

drawbacks are of particular concern in the microgrid setting,

because of the wide variability of operating points, the lack

of redundancy in the network’s topology, the presence of lines

that are substantially resistive (not only reactive), the compara-

tive decentralization of operations/planning as compared to the

bulk grid, and the high susceptibility of the network to cyber

and kinetic attacks. As a whole, more flexible and adaptive

inverter controls may be needed to assure high performance

and resilient microgrid operations.

Importantly, as a strong contrast with the bulk grid, inertial

dynamics and droop controls are not dictated by physical laws
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and hardware constraints in a microgrid: there is comparatively

far greater flexibility to design the electrical signal on the

grid side of the inverter. This flexibility potentially could

be exploited to achieve desirable small-transient and large-

transient response characteristics for typical load/generation

patterns, and to adapt the controller to changing operating

points and topologies. Additionally, microgrids are becoming

increasingly data rich, with new sensing capabilities, algo-

rithms for inferring network characteristics, and infrastructure

for communicating remote data, which could also be used

to improve and adapt inverter controls. Some studies have

proposed alternative control strategies which seek to exploit

these flexibilities [9].

In this study, we also consider the flexibility available in

designing inverter controllers, but take a broader perspective

focused on understanding the capacity for and limits on

control. Precisely, our formulation models each inverter as

not only using a nominal droop-like controller which achieves

power sharing, but also having available an additional actua-

tion or feedback of arbitrary form which can be used to further

shape the small-signal respons. Based on this formulation, we

seek to characterize these additional control channels from

a structural perspective (i.e. across the range of possible

network operating points), with the aim of understanding their

capacity for shaping the small-signal dynamics. Here, we focus

particularly on assessing controllability, as well as metrics for

the required control energy, for these control channels. The

analysis anticipates whether the control flexibility afforded

by the inverter interface can allow for arbitrary shaping of

the small-signal dynamics over the range of system operating

points. Thus, the analysis shows the theoretical capacity for

control of the microgrid small-signal dynamics through design

or adaptation, provided appropriate information flow is made

available to the inverter. In this sense, the analysis gives a

bound on system resilience (ability to withstand and recover

from disturbances over the range of operating solutions).

Our analyses build on a recent literature on structural

controllability for canonical dynamical network models. For

the microgrid model, we are able to develop a graph-theoretic

characterization of structural controllability which parallels

the existing results: specifically, a correspondence is shown

between structural controllability and a notion known as

zero-forcing of the network graph. This equivalence is ap-

pealing because it provides a starting point for developing

computationally-friendly algorithms for assessing structural

controllability and hence resilience. The equivalence also gives

theoretical insight into topological determinants of controlla-

bility.

II. PROBLEM FORMULATION

We are concerned with designing controllers to shape the

small signal characteristics of an islanded microgrid with

inverter-based DERs. A number of recent studies have an-

alyzed the transient and small-signal dynamics of islanded

microgrids with inverter-based DERs [3]–[8]. These various

studies enforce desirable power sharing through the droop-

like controls, and then assess the transient and small-signal

responses through analysis of closed-loop nonlinear and lin-

earized dynamical models. In contrast, in this study, we

recognize the flexibility available in inverter control design

by representing each inverter as having a droop-like control

along with an additional designable input signal. For this

enhanced model, we characterize the controllability of the

system as a means to understand whether the available design

flexibility can be exploited to achieve desirable small signal

characteristics.

The transient and small-signal dynamics of the inverter-

based microgrids have been carefully modeled in past work

[3]–[6] so we give a summary presentation here, expanding

only on the aspects that are new. In accordance with much

of the literature, we assume a decoupling between the voltage

angle dynamics and the voltage magnitude dynamics, and con-

centrate on characterizing the angle dynamics. This decoupling

assumption is known to be apt provided that resistances in the

network are relatively small, which is typically the case. In this

case, the angle dynamics are known to be primarily dependent

on the real power flow at network nodes, and hence only the

real power characteristics and their control need be considered.

Formally, a connected microgrid with n buses, labeled

1, . . . , n, is considered. The admittance of the line between

two buses i and k is denoted by Yik∠φik = Gik+jBik, where

Gik ≤ 0 and Bik ≥ 0 are the conductance and susceptance

of the line, respectively. These are all zero if there is no line

between the buses i and k. A real power balance equation is

satisfied at each bus i [6], [7]:

PGi = PLi+

n∑
k=1

ViVkYik cos(θi−θk−φik) (1)

= PLi + V 2
i Gii+

∑
k

ViVkYik cos(θi−θk−φik)

where PGi and PLi are the generated active power and con-

sumed (load) power at bus i, Vi is the magnitude of the voltage

at bus i (assumed constant per the assumed decoupling), and

θi is the angle of the voltage at bus i.
The load power at each bus can be modeled as a linear

function of the bus frequency ωi = ˙(θi) (see [6]), as follows:

PLi=P 0
Li
+DLi θ̇i (2)

where, P 0
Li

and DLi
≥ 0 are the nominal load and the fre-

quency coefficient of the load at bus i, respectively.

It remains to specify the real power generation PGi at

each bus i in terms of the bus voltage. For buses without

DERs, the real power generation is zero (PGi
= 0). For

buses with inverter-based DERs, the inverter control can be

used to impose a dynamic relationship between the real

power generation and the bus voltage angle. Specifically, with

appropriate control mechanisms, the inverter can be made to

approximate a voltage source, wherein the voltage magnitude

and angle are selected by the control system. It is natural to

use a control mechanism which sets the voltage angle in terms
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of measurements of the local real power (and potentially other

network-wide measurements of real power or angles), which

maintains the decoupling of the model and allows shaping of

the steady-state real power and angle dynamics. Commonly,

a control law is used which replicates the inertial dynamics

of the bulk grid, as well as the droop control used to achieve

a desirable power-sharing solution. This droop-like controller

sets the inverter’s electrical frequency (derivative of the angle)

as a linear function of a measured local real power generation,

which is a low-pass filtration of the actual power generation,

with offsets selected to achieve a desirable power-sharing

solution. Formally, for an inverter at bus i, the following

Laplace-domain relationship is used:

sθi =
P 0
Gi
−PGi

DRi

× 1

1+TDis
+ω0 (3)

where, ω0 is the system-wide reference angular frequency;

PG
0
i is reference power which is the generated active power

at the nominal frequency; DRi≥ 0 indicates the slope or gain

of the frequency droop relationship of the inverter; TDi
is the

time constant for a first-order low-pass filter which is used to

smooth variations and reduce noise in the measured power; and

s is the Laplace variable. In this study, we modify the droop

equation to assert that the droop feedback can be adjusted

by an arbitrary input signal, which also could be set through

a feedback mechanism, at a subset of the buses. With the

modification, the droop equation in the Laplace domain for

these buses becomes:

sθi =

(
P 0
Gi
−PGi + ui

DRi

)
× 1

1+TDis
+ω0, (4)

where ui is a designable input signal which modifies the

frequency (angle derivative) at the bus. We note that we have

also applied the low-pass filter to the input, to capture that

this signal will typically use filtered measurements of local real

power as well as other microgrid signals. The ensuing analysis

can be easily modified to encompass the case that the the input

is not filtered, or is filtered in a different way. However, we use

this formulation because it captures the typical setting and also

allows for a clearer analysis. The relationship can be expressed

in the time domain as:

PGi=P 0
Gi

+ ui−DRi θ̇i−DRiTDi θ̈i. (5)

Equations (1)-(5) comprise a system of differential-algebraic

equations which together specify the transient response of

the microgrid. This system of equations can be linearized

around an operating solution, and the algebraic equations

either solved out or approximated with a singular perturbation

argument, to obtain a state-space linear differential equation

model for the small-disturbance response. Here, we have

applied this procedure to obtain a linear differential equation

model for the small-disturbance response. In doing so, we have

used a singular perturbation approximation for the algebraic

equations, which has the benefit of preserving the topological

structure of the microgrid in the state-space model. Since this

small-signal analysis has been detailed in prior work [6], here

we simply present the form of linear differential equation

model and omit the derivation and detailed expressions of the

constituent matrices. The small-signal model takes the form:

Δẋ =

[
0n×n In×n

−L −D
]
Δx+

[
0n×n

B

]
u, (6)

where Δx is a vector containing the voltage angles and voltage

frequencies (voltage angle derivates) at all buses, L is the

Laplacian matrix associated with a directed graph (digraph)

Γ = (V,E), D is a nonnegative diagonal matrix, B is a matrix

whose columns are indicator vectors of the inverter buses

where inputs can be imposed, and u contains the designable

input signals. The digraph Γ has n vertices corresponding

to the n buses in the microgrid, with bidirectional edges

between two vertices if and only if there is a line between

the buses in the microgrid. Importantly, the edge weights in

Γ are dependent on the operating point of the network, and

hence are subject to variation. In consequence, the Laplacian

matrix L is structural, in the sense that its off-diagonal entries

may take on arbitrary or at least varying values.

In this initial study, our goal is to assess the controllabil-

ity of the microgrid dynamic model from a graph-theoretic

perspective. The challenge in the controllability analysis lies

in the fact that the model is structural, i.e. the state matrix

entries are subject to variation. Thus, we seek for conceptual

and algorithmic results on controllability of the small-signal

model. These results are meant to give insight into whether

the flexibility afforded by microgrid controls, as captured

in the availability of an assignable input, can be used to

shape the small-signal responses over the range of operating

points. In addition, we seek to find small sets of buses in the

microgrid such that inputs at those locations are sufficient for

controllability, and hence can be leveraged to shape the small-

signal response. In addition assessing the controllability, we

also study control energy metrics in the context of an example,

to gain insight into the practicality of these controls.

III. RESULTS

Our main aim in this section is to develop a graph-theoretic

characterization of controllability for the microgrid small-

signal model (Equation 6), and to use this characterization

to identify sets of buses in the network model that can be

used to shape the small-signal dynamics. As noted above, we

are interested in understanding whether control is possible and

developing control schemes given a particular graph structure,

but over a range of model parameter values. Thus, we focus

on a structural controllability analysis of the microgrid model.

In fact, we find it convenient to undertake the analysis for a

broader class of models, as described next.

Formally, given a class of matricesM in R
n×n and diagonal

matrices D ∈ R
n×n, we are interested in identifying the sets

S (which we call leader sets) such that

ẍ =Mx+Dẋ+

(∑
s∈S

ese
T
s

)
u (7)

is controllable for any choice of D ∈ D and M ∈ M. We

will denote the collection of such subsets by S(D,M). In
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this study, we seek to determine the collection of such sets

S(D,M) for the microgrid model, and discuss implications

for microgrid control.

We undertake this analysis in several steps. First, the

controllability of the system model is equivalenced with the

controllability of a first-order system (Section III.A). Then, the

equivalence is used together with previous results to develop a

graph-theoretic condition for controllability for the microgrid

model (Equation 6), see Section III.B; specifically, controlla-

bility is characterized in terms of a graph-theoretic construct

known as a zero-forcing set [10]–[12]. This graph-theoretic re-

lationship is then used to determine the collection of leader sets

allowing for control in several example microgrid networks

(Section III.B). Implications of these characterizations are

discussed, and the energy required for control is also explored

for one of these examples. As a whole, the analyses indicate

that there is substantial flexibility to shape the microgrid small-

signal model, including to smooth oscillations, by applying

advanced controls at a small set of network locations.

A. Formal Results: Controllability Equivalence

In this initial study, we focus on the uniform damping

case (that is, the case where D = {μIn×n : μ ∈ R}). This

is a common assumption for small-signal models of both

the bulk power grid and microgrids, and often reasonably

captures small-signal behaviors in the model. For this special

case, the controllability of the second order system on n
variables (Equation 7) can be reduced to the controllability

of a first-order system on n variables. This reduction allows

application of previously-developed graph-theoretic results on

controllability, motivating the following equivalence.

Theorem 1. The system ẋ = Ax+Bu is controllable if and
only if the system ẍ = Ax+ μẋ+Bu is controllable.

Proof. Before proceeding it is helpful to explicitly transform

the second-order system to the following first-order (state-

space) system:[
ẋ
ẍ

]
=

[
0n×n In×n

A μIn×n

] [
x
ẋ

]
+

[
0n×n

B

]
u.

Now, recall that a first-order system is controllable if and

only if the dimension of the left-nullspace of the Kalman

contollability matrix is zero, i.e. the controllability matrix has

full row-rank. To this end let C1 be the Kalman controllability

matrix of the first-order system and let C2 be the Kalman

controllability matrix of the second-order system. We will

show that the dimension of the left-nullspace of C2 is the

square oftwicethe dimension of the left-nullspace of C1. In

particular, for z1, z2 ∈ R
n such that (z1, z2) is in the left-

nullspace of C2, we will show that z1, z2 are both in the left-

nullspace of C1.

We note first that the contollability matrix C2 consists of 2n
blocks, with each block having the form[

0n×n In×n

A μIn×n

]k [
0n×n

B

]

Fig. 1. Examples of minimal zero-forcing sets (in blue) for the 13-bus (top)
and 37-bus (bottom) benchmark systems.

for k in the range 0, . . . , 2n − 1. Inductively expanding the

powers of the state matrix, the kth block can be rewritten as[∑�k−1/2�
j=0

(
k−1−j

j

)
μk−1−2jAjB∑�k/2�

j=0

(
k−j
j

)
μk−2jAjB

]
.

Now suppose that z1, z2 ∈ R
n such that (z1, z2) is in left-

nullspace of C2. Considering the first two blocks of C2, we

have that

[
z1
z2

]T [
0
B

]
= 0 + zT2 B = 0

and [
z1
z2

]T [
B
μB

]
= zT1 B + μzT2 B = zT1 B = 0.

Thus zT1 B = zT2 B = 0. Now supposing that zT1 A
iB =

zT2 A
iB = 0 for i = 0, . . . , � − 1 consider the (2�)th and

(2� + 1)th blocks in the controllability matrix C2. For these

two blocks we have[
z1
z2

]T [∑�−1
j=0

(
2�−1−j

j

)
μ2�−1−2jAjB∑�

j=0

(
2�−j
j

)
μ2�−2jAjB

]
= zT2 A

�B

and[
z1
z2

]T [ ∑�
j=0

(
2�−j
j

)
μ2�−2jAjB∑�

j=0

(
2�+1−j

j

)
μ2�+1−2jAjB

]
=

zT1 A
�B +

(�+ 1)μzT2 A
�B

.

As a consequence, zT1 A
�B = zT2 A

�B = 0. Thus, by induction,

zT1 A
�B = zT2 A

�B for � = 0, . . . , n − 1 and z1, z2 are in the
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left-nullspace of C1. The relationship between the dimensions

of the left-nullspaces of C1 and C2 follows immediately and

C1 is full row-rank if and only if C2 is full row-rank.

It is worth mentioning that the primary obstruction to

extending Theorem 1 to arbitrary diagonal matrices D is the

non-commutativity of the multiplication between A and D.

B. Formal Results: Graph-Theoretic Characterization

In what follows we will restrict our attention to the uniform

damping case. In our development, as a slight abuse of

notation, we use S(M) to represent S(D,M) when D is

restricted to multiples of the identity.

Our aim here is to first give a graph-based characterization

of controllability for the microgrid small-signal model. Recall

specifically that we are interested in the controllability of

ẍ = −Lx+Dẋ+Bu,

where L = L(Γ) is restricted by the structure of the microgrid

as defined by the digraph Γ. The values taken by L are

encompassed by the structural sets defined in [10], as follows.

For a fixed digraph Γ = (V,E), we define

Q(Γ) = {X ∈ R
n×n : for i �= j,Xij �= 0⇔ (i, j) ∈ E(Γ)

}
and

L(Γ) = {X ∈ Q(Γ) : X� = 0} .
Our interest is in determining structural controllability of

the microgrid small-signal model for a given leader set, and

hence determining the collection of leader sets that achieve

controllability, i.e. S (L(Γ)) . As L(Γ) ⊆ Q(Γ), we have

that S(L(Γ)) ⊆ S(Q(Γ)). Furthermore, by Theorem 1,

controllability of the second-order model reduces to that of

a first-order model. Therefore, from the work of Monshizadeh

et al. [10], controllability can be reduced to a graph-theoretic

test on Γ, and the collection of controllability-achieving leader

sets S(Q(Γ)) can be described precisely in terms of the

combinatorial structure of Γ. Specifically, these sets are exactly

related to the notion of zero-forcing sets for the graph Γ, which

we define next.

The zero-forcing sets of a graph are defined by a vertex-

coloring process. In particular, a subset S ⊆ V (Γ) is called a

zero-forcing set if coloring all u ∈ S blue and all u �∈ S white,

and repeatedly then applying the following coloring rule:

• Coloring Rule: If u is blue and has exactly one neighbor

w which is white, then change the color of w to white.

will eventually change the color of all vertices in Γ to blue.

Figure 1 contains an example of a minimal zero-forcing set

of a graph. Using the language of zero-forcing, we have the

following main result:

Theorem 2. The dynamical system

ẍ = −Lx+ μẋ+

(∑
s∈S

ese
T
s

)
u

where L is the Laplacian matrix for a digraph Γ is controllable
if S is a zero-forcing set of Γ.

It is worth noting that for some graphs Γ, the inclusion

S(L(Γ)) ⊆ S(Q(Γ)) is strict, i.e. the class of microgrid

small-signal models is narrower than the generic structural set

defined by [10]. Thus, there may be additional controllability-

achieving leader sets S which are not captured by Theorem

2. For example, as noted in [10], when Γ is the star K1,3, the

central vertex by itself belongs to S(L(K1,3)) but it is not a

zero-forcing set. While there has been some work focusing on

identifying the elements of S(L(Γ)) − S(Q(Γ)) for various

graphs Γ, see for instance [13], [14], the deep connections

between zero-forcing and linear algebra [15] means that,

in practice, it is typically easier to identify an element of

S(Q(Γ)). For example, while identifying the size of a minimal

zero-forcing set for a graph G isNP-complete in general [16],

even when searching for certain restricted solutions, such as

connected zero-forcing sets [17]. In the case that Γ is an

undirected tree, zero-forcing sets can be efficiently constructed

using the connection with path covers [15], [18]. Of particular

relevance the determination of zero-forcing sets for graphs

associated with the power grid (and microgrids) is the work

of Row [19], which provides upper and lower bounds on the

size of a minimal zero-forcing set based on the zero-forcing

of the components after removing a cut-vertex from the graph.

C. Examples

We apply and discuss these concepts on two well-known test

systems, published by the IEEE Distribution System Analysis

Subcommittee Report1:

• 13-bus Feeder: a small example of a distribution network

with unbalanced loading conditions.

• 37-Bus Feeder: located in California, this feeder has a

4.8 kV operating voltage.

For each test system’s graph, we conduct an exhaustive

search to find all minimal zero-forcing sets. In the case of

the 13-bus system, there are 28 possible minimal zero forcing

sets of size 4, whereas the 37-bus system has 4800 minimal

zero forcing sets of size 10. In general, finding all possible

minimal zero-forcing sets is prohibitively expensive, since

finding a minimal zero-forcing set is NP-hard. Nonetheless, it

is straightforward to check whether a given set is zero-forcing;

Figure 1 illustrates examples of a particular minimal zero-

forcing set for each system, which (via the aforementioned

coloring rule) can be easily seen to be zero-forcing sets.

From the perspective of microgrid control, the zero-forcing

sets indicate sets of network buses where enhanced inverter-

based controllers can be applied to shape the small-signal

dynamics of the microgrid at will. In particular, our results

show that the inverter voltage angles at the buses correspond-

ing to a zero-forcing set can be designed to move the state

of the dynamical model to any desired value regardless of the

operating point of the system, since the system is controllable.

More importantly, from standard control-theory machinery

[20], controllability also implies that feedback controllers can

be designed for this set of nodes to place the closed-loop

1https://site.ieee.org/pes-testfeeders/resources/
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eigenvalues of the system at will, which means that oscillations

can be damped and time-constants shortened.

We have undertaken a simulation of the small-signal dynam-

ics of the 13-bus feeder to illustrate the potential benefit of the

enhanced inverter controls proposed here and the associated

graph-theoretic analysis. For the simulation, all 13 buses were

assumed to have inverter-connected DERs which are amenable

to control. Loading patterns for the network were assumed to

vary in such a way that steady-state phase angle differences

across each line would vary between 0o and 60o. Nominally,

droop-like controllers were applied at each bus. The small-

signal dynamics of the model, as described above, was simula-

tion. The droop-controlled model is seen to have multiple pairs

of oscillatory modes, with a minimum damping ratio of about

7% for a heavily-loaded scenario. The zero-forcing analysis

of the 13 feeder network described above has identified sets

of four buses, where controllers can be applied to place the

closed-loop eigenvalues at will and hence eliminate or damp

these oscillations. Thus, the graph-theoretic analysis allows

for selection of relatively sparse sets of network locations

where enhanced controllers can be applied to improve on the

performance achieved by droop-like controllers.

To test the practicality of control from such controllability-

achieving leader sets, we have also characterized the control-

lability Gramian of the system at inputs at these locations, for

a couple of different zero-forcing sets: the example shown

in Figure 1 (Case A), as well as an alternative where an

input is applied at Bus 680 rather than Bus 675 (Case B).

For each case, we have found statistics of the trace of the

inverse of the controllability Gramian over 100 simulations,

which is an integrative measure of required control effort, over

100 stochastically-selected operating points. For Case A, the

inverse Gramian trace was found to have a mean of 1320, with

a maximum value of 1.85E4. For Case B, the inverse Gramian

trace was found to have a mean of 537, with a maximum

value of 7330; thus, we see that Case B allows for shaping

of the microgrid small-signal dynamics with comparatively

less effort. We stress that the maximum trace values for both

cases are orders of magnitude smaller than for other input

locations that are not zero-forcing sets. The control energy

analysis gives some empirical evidence that zero-forcing sets

give practical selections for network locations where advanced

controls should be applied.

IV. CONCLUSIONS

We have explored how the flexibility inherent to inverter-

based controls can be exploited to shape the small-signal

dynamics of islanded microgrids. Our analysis suggests that

this flexibility can be used to substantially improve the small-

signal dynamics of the microgrid, as compared to a standard

droop control. The formulation presented here provides a

means to leverage standard controls-engineering techniques

such as pole placement to shape the small-signal responses

of microgrids.
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